Stability results in non-Archimedean L-fuzzy normed spaces for a cubic functional equation by Jae-Hyeong Bae et al.
Bae et al. Journal of Inequalities and Applications 2012, 2012:193
http://www.journaloﬁnequalitiesandapplications.com/content/2012/1/193
RESEARCH Open Access
Stability results in non-ArchimedeanL-fuzzy
normed spaces for a cubic functional
equation




Education, College of Education,
Mokwon University, Daejeon,
302-729, Republic of Korea
Full list of author information is
available at the end of the article
Abstract
We establish some stability results concerning the functional equation




f (x + y) + f (x – y)
]
+ (n4 – 1)f (y),
where n ≥ 2 is a ﬁxed integer in the setting of non-Archimedean L-fuzzy normed
spaces.
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1 Introduction
The theory of fuzzy sets was introduced by Zadeh [] in . After the pioneering work
of Zadeh, there has been a great eﬀort to obtain fuzzy analogues of classical theories.
Among other ﬁelds, a progressive development has been made in the ﬁeld of fuzzy topol-
ogy [, , , –, , , ]. One of the problems in L-fuzzy topology is to obtain an
appropriate concept of L-fuzzy metric spaces and L-fuzzy normed spaces. In , Park
[] introduced and studied the notion of intuitionistic fuzzy metric spaces. In , Saa-
dati and Park [] introduced and studied the notion of intuitionistic fuzzy normed spaces.
On the other hand, the study of stability problems for a functional equation is related
to the question of Ulam [] concerning the stability of group homomorphisms and aﬃr-
matively answered for Banach spaces by Hyers []. Subsequently, the result of Hyers was
generalized by Aoki [] for additive mappings and by Rassias [] for linear mappings by
considering an unbounded Cauchy diﬀerence. We refer the interested readers for more
information on such problems to the papers [, , , , , , , , ].
Let X and Y be real linear spaces and f : X → Y a mapping. If X = Y = R, the cubic
function f (x) = cx, where c is a real constant, clearly satisﬁes the functional equation
f (x + y) + f (x – y) = f (x + y) + f (x – y) + f (x).
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Hence, the above equation is called the cubic functional equation. Recently, Cho, Saadati
and Wang [] introduced the functional equation
f (x + y) + f (x – y) = 
[
f (x + y) + f (x – y)
]
+ f (y),
which has f (x) = cx (x ∈R) as a solution for X = Y =R.
In this paper, we investigate the Hyers-Ulam stability of the functional equation as fol-
lows:











where n≥  is a ﬁxed integer.
2 Preliminaries
In this section, we recall some deﬁnitions and results for our main result in this paper.
A triangular norm (shorter t-norm) is a binary operation on the unit interval [, ], i.e.,
a function T : [, ] × [, ] → [, ] satisfying the following four axioms: for all a,b, c ∈
[, ],
(i) T(a,b) = T(b,a) (commutativity);
(ii) T(a,T(b, c)) = T(T(a,b), c) (associativity);
(iii) T(a, ) = a (boundary condition);
(iv) T(a,b)≤ T(a, c) whenever b≤ c (monotonicity).
Basic examples are the Łukasiewicz t-norm TL and the t-norms TP , TM and TD, where
TL(a,b) :=max{a + b – , }, TP(a,b) := ab, TM(a,b) :=min{a,b} and
TD(a,b) :=
⎧⎨
⎩min{a,b} if max{a,b} = , otherwise
for all a,b ∈ [, ].
For all x ∈ [, ] and all t-norms T , let x()T := . For all x ∈ [, ] and all t-norms T , deﬁne




T ,x) for all r ∈N. A t-normT is said to beHadžić
type (we denote it by T ∈H) if the family (x(r)T )r∈N is equicontinuous at x =  (see []).
Other important triangular norms are as follows (see []):
• The Sugeno-Weber family {TSWλ }λ∈[–,∞] is deﬁned by TSW– := TD, TSW∞ := TP and
TSWλ (x, y) :=max
{
, x + y –  + λxy + λ
}
if λ ∈ (–,∞).
• The Domby family {TDλ }λ∈[,∞] is deﬁned by TD, if λ = , TM , if λ =∞ and
TDλ (x, y) :=

 + [( –xx )λ + (
–y
y )λ]/λ
if λ ∈ (,∞).
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• The Aczel-Alsina family {TAAλ }λ∈[,∞] is deﬁned by TD, if λ = , TM , if λ =∞ and
TAAλ (x, y) := e–(| logx|
λ+| log y|λ)/λ
if λ ∈ (,∞).
A t-norm T can be extended (by associativity) in a unique way to an r-array operation
by taking, for any (x, . . . ,xr) ∈ [, ]r , the value T(x, . . . ,xr) deﬁned by




= T(x, . . . ,xr).
A t-norm T can also be extended to a countable operation by taking, for any sequence




The limit on the right side of (.) exists since the sequence {Trj=xj}r∈N is non-increasing
and bounded below.
Proposition . []




j=xr+j =  ⇐⇒
∞∑
r=
( – xr) <∞.





for all sequence {xr}r∈N in [, ] such that limr→∞ xr = .




j=xr+j =  ⇐⇒
∞∑
r=
( – xr)α <∞.




j=xr+j =  ⇐⇒
∞∑
r=
( – xr) <∞.
3 L-fuzzy normed spaces
In this section, we give some deﬁnitions and related lemmas for our main result.
Deﬁnition . [] Let L = (L,≤L) be a complete lattice and U a non-empty set called a
universe. An L-fuzzy set A on U is deﬁned by a mappingA :U → L. For any u ∈U ,A(u)
represents the degree (in L) to which u satisﬁes A.
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Lemma . [] Consider the set L* and the operation ≤L* deﬁned by
L* =
{
(x,x) : (x,x) ∈ [, ] and x + x ≤ 
}
,
(x,x)≤L* (y, y) ⇐⇒ x ≤ y, x ≥ y
for all (x,x), (y, y) ∈ L*. Then (L*,≤L* ) is a complete lattice.
Deﬁnition . [] An intuitionistic fuzzy set Aζ ,η on a universe U is an object Aζ ,η =
{(u, ζA(u),ηA(u)) : u ∈ U}, where ζA(u) ∈ [, ] and ηA(u) ∈ [, ] for all u ∈ U are called
the membership degree and the non-membership degree, respectively, of u in Aζ ,η , and
furthermore, they satisfy ζA(u) + ηA(u)≤ .
In Section , we presented the classical deﬁnition of t-norms, which can be straight-
forwardly extended to any lattice L = (L,≤L). Deﬁne ﬁrst L := infL and L := supL.
Deﬁnition . A triangular norm (t-norm) on L is a mapping T : L → L satisfying the
following conditions:
(i) T (x, L) = x for all x ∈ L (boundary condition);
(ii) T (x, y) = T (y,x) for all (x, y) ∈ L (commutativity);
(iii) T (x,T (y, z)) = T (T (x, y), z) for all (x, y, z) ∈ L (associativity);
(iv) x≤L x′ and y≤L y′ ⇒ T (x, y)≤L T (x′, y′) for all (x,x′, y, y′) ∈ L (monotonicity).
A t-norm can also be deﬁned recursively as an (r + )-array operation for each r ∈N by
T  = T and
T r(x, . . . ,xr+) = T
(T r–(x, . . . ,xr),xr+)
for all r ≥  and xj ∈ L.
The t-normM deﬁned by
M(x, y) =
⎧⎨
⎩x if x≤L y,y if y≤L x
is a continuous t-norm.
Deﬁnition . A t-norm T on L* is said to be t-representable if there exist a t-norm T
and a t-conorm S on [, ] such that
T (x, y) = (T(x, y),S(x, y))
for all x = (x,x), y = (y, y) ∈ L*.
Deﬁnition .
() A negator on L is any decreasing mappingN : L→ L satisfyingN (L) = L and
N (L) = L.
() If a negatorN on L satisﬁesN (N (x)) = x for all x ∈ L, thenN is called an
involution negator.
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() The negatorNs on ([, ],≤) deﬁned asNs(x) =  – x for all x ∈ [, ] is called the
standard negator on ([, ],≤).
Deﬁnition . The -tuple (V ,P ,T ) is said to be anL-fuzzy normed space ifV is a vector
space, T is a continuous t-norm on L andP is an L-fuzzy set on V × (,∞) satisfying the
following conditions: for all x, y ∈ V and t, s ∈ (,∞),
(a) L <L P(x, t);
(b) P(x, t) = L ⇔ x = ;
(c) P(αx, t) =P(x, t|α| ) for all α = ;
(d) T (P(x, t),P(y, s))≤L P(x + y, t + s);
(e) P(x, ·) : (,∞)→ L is continuous;
(f ) limt→P(x, t) = L and limt→∞P(x, t) = L.
In this case, P is called an L-fuzzy norm. If P = Pμ,ν is an intuitionistic fuzzy set and
the t-norm T is t-representable, then the -tuple (V ,Pμ,ν ,T ) is said to be an intuitionistic
fuzzy normed space.
Deﬁnition . (see []) Let (V ,P ,T ) be an L-fuzzy normed space.
() A sequence {xr}r∈N in (V ,P ,T ) is called a Cauchy sequence if, for any ε ∈ L \ {L}
and for any t > , there exists a positive integer r such that
N (ε) <L P(xr+p – xr , t)
for all r ≥ r and p > , whereN is a negator on L.
() A sequence {xr}r∈N in (V ,P ,T ) is said to be convergent to a point x ∈ V in the
L-fuzzy normed space (V ,P ,T ) (denoted by xr
P
x) if P(xr – x, t)→ L
wherever r → ∞ for all t > .
() If every Cauchy sequence in (V ,P ,T ) is convergent in V , then the L-fuzzy normed
space (V ,P ,T ) is said to be complete and the L-fuzzy normed space is called an
L-fuzzy Banach space.
Lemma . [] Let P be an L-fuzzy norm on V . Then we have the following:
() P(x, t) is non-decreasing with respect to t ∈ (,∞) for all x in V .
() P(x – y, t) =P(y – x, t) for all x, y in V and all t ∈ (,∞).
Deﬁnition . Let (V ,P ,T ) be an L-fuzzy normed space. For any t ∈ (,∞), we deﬁne
the open ball B(x, r, t) with center x ∈ V and radius r ∈ L \ {L, L} as
B(x, r, t) =
{
y ∈ V :N (r) <L P(x – y, t)
}
.
A subset A ⊆ V is called open if, for all x ∈ A, there exist t >  and r ∈ L \ {L, L} such
that B(x, r, t)⊆ A.
Let τP denote the family of all open subsets of V . Then τP is called the topology induced
by the L-fuzzy norm P .
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4 L-fuzzy Hyers-Ulam stability for cubic functional equations in
non-ArchimedeanL-fuzzy normed spaces
In , Hensel [] introduced the ﬁeld with valuation in which does not have the
Archimedean property.
Deﬁnition . Let K be a ﬁeld. A non-Archimedean absolute value on K is a function
| · | :K→ [,∞) such that, for any a,b ∈K,
() |a| ≥  and equality holds if and only if a = ,
() |ab| = |a||b|,
() |a + b| ≤ max{|a|, |b|} (the strict triangle inequality).
Note that |n| ≤  for each integer n.We always assume, in addition, that | · | is non-trivial,
i.e., there is a ∈K such that |a| /∈ {, }.
Deﬁnition . A non-Archimedean L-fuzzy normed space is a triple (V ,P ,T ), where V
is a vector space, T is a continuous t-norm on L and P is an L-fuzzy set on V × (,∞)
satisfying the following conditions: for all x, y ∈ V and t, s ∈ (,∞),
(a) L <L P(x, t);
(b) P(x, t) = L ⇔ x = ;
(c) P(αx, t) =P(x, t|α| ) for all α = ;
(d) T (P(x, t),P(y, s))≤L P(x + y,max{t, s});
(e) P(x, ·) : (,∞)→ L is continuous;
(f ) limt→P(x, t) = L and limt→∞P(x, t) = L.
Fromnow on, letK be a non-Archimedean ﬁeld, X a vector space overK and (Y ,P ,T ) a
non-ArchimedeanL-fuzzy Banach space overK. We investigate the Hyers-Ulam stability
of the cubic functional equation (.).
Next, we deﬁne an L-fuzzy approximately cubic mapping. Let 	 be an L-fuzzy set on
X ×X × (,∞) such that 	(x, y, ·) is non-decreasing,






t→∞	(x, y, t) = L
for all x, y ∈ X, all t >  and all c ∈K \ {}.
Deﬁnition . A mapping f : X → Y is said to be 	-approximately cubic if
P
(












≥L 	(x, y, t) (.)
for all x, y ∈ X and all t > .
The following is the main result in this paper.
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Theorem. Let f : X → Y be a	-approximately cubic mapping. If n ∈K\{} and there
















for all x, y ∈ X and all t > , then there exists a unique cubic mapping C : X → Y such that







for all x ∈ X and all t > , where
M(x, t) := T (	(x, , t),	(nx, , t), . . . ,	(nk–x, , t))
for all x ∈ X and all t > .
Proof Let T  : L→ L be the identity mapping IL : L→ L. First, we show, by induction on j,
that
P(f (njx) – njf (x), t)≥L Mj(x, t) := T j–(	(x, , t), . . . ,	(nj–x, , t)) (.)
for all x ∈ X, all t >  and all j≥ . Putting y =  in (.), we obtain
P(f (nx) – nf (x), t)≥L 	(x, , t)
for all x ∈ X and all t > . This proves (.) for j = . Let (.) hold for some j ≥ . Replacing
y by  and x by jx in (.), we get
P(f (nj+x) – nf (njx), t)≥L 	(njx, , t)
for all x ∈ X and all t > . Since |n| ≤ , it follows that
P(f (nj+x) – n(j+)f (x), t)
≥L T
(P(f (nj+x) – nf (njx), t),P(nf (njx) – n(j+)f (x), t))
= T
(
P(f (nj+x) – nf (njx), t),P(f (njx) – njf (x), t|n|
))
≥L T










for all x ∈ X and all t > . Thus (.) holds for all j ≥ . In particular, we have
P(f (nkx) – nkf (x), t)≥L M(x, t)
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for all x ∈ X and all t > . Replacing x by xnk(r+) in the above inequality and using the in-













































































for all x ∈ X, all t >  and all r ≥ . Since limr→∞ T ∞j=rM(x, α
j+
|n|kj t) = L for all x ∈ X and all
t > , {nkrf ( xnkr )}r∈N is a Cauchy sequence in the non-ArchimedeanL-fuzzy Banach space











for all x ∈ X and all t > . Next, for all r ≥ , all x ∈ X and all t > , we have
P
(






































for all x ∈ X and all t > , and so
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for all x ∈ X and all t > . Taking the limit as r → ∞ in the above inequality, we obtain






for all x ∈ X and all t > , which proves (.).
Since T is continuous, from the well-known result in anL-fuzzy (probabilistic) normed



























n ·C(x + ny) +C(nx – y) – n(n
 + )
 C(x + y) –
n(n + )










































for all x, y ∈ X and all t > . Since limr→∞ 	(x, y, αr t|n|kr ) = L, we infer that C is a cubic
mapping.
For the uniqueness of C, let C′ : X → Y be another cubic mapping such that
P(C′(x) – f (x), t)≥L M(x, t)





















Therefore, from (.), we conclude that C = C′. This completes the proof. 
Corollary . Let T ∈H and let f : X → Y be a 	-approximately cubic mapping. If n ∈
















for all x, y ∈ X and all t > , then there exists a unique cubic mapping C : X → Y such that






for all x ∈ X and all t > , where
M(x, t) := T (	(x, , t),	(nx, , t), . . . ,	(nk–x, , t))





















for all x ∈ X and all t > . Therefore, if we apply Theorem ., then we get the conclusion.
This completes the proof. 
Example . Let (X,‖ · ‖) be a non-Archimedean Banach space, (X,Pμ,ν ,TM) a non-
Archimedean L-fuzzy normed space (intuitionistic fuzzy normed space) in which
Pμ,ν(x, t) =
( t




for all x ∈ X and all t >  and (Y ,Pμ,ν ,TM) a complete non-Archimedean L-fuzzy normed
space (intuitionistic fuzzy normed space). Deﬁne
	(x, y, t) =
( t




for all x, y ∈ X and all t > . It is easy to see that (.) holds for α = . Also, since
M(x, t) =
( t

































= (, ) = L*
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for all x ∈ X and all t > . Let f : X → Y be a 	-approximately cubic mapping. A straight-
forward computation shows that
Pμ,ν
(












≥L* Pμ,ν(x + y, t)
for all x, y ∈ X and all t > . Therefore, all the conditions of Theorem . hold, and so there
exists a unique cubic mapping C : X → Y such that
Pμ,ν
(
f (x) –C(x), t
)≥L*
( t




for all x ∈ X and all t > .
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors conceived of the study, participated in its design and coordination, drafted the manuscript, participated in the
sequence alignment, and read and approved the ﬁnal manuscript.
Author details
1Graduate School of Education, Kyung Hee University, Yongin, 446-701, Republic of Korea. 2Department of Mathematics,
Chungnam National University, Daejeon, 305-764, Republic of Korea. 3Department of Mathematics Education, College of
Education, Mokwon University, Daejeon, 302-729, Republic of Korea.
Acknowledgements
This research was supported by Basic Science Research Program through the National Research Foundation of Korea
(NRF) funded by the Ministry of Education, Science and Technology (Grant number 2012003499).
Received: 22 February 2012 Accepted: 31 May 2012 Published: 3 September 2012
References
1. Amini, M, Saadati, R: Topics in fuzzy metric space. J. Fuzzy Math. 4, 765-768 (2003)
2. Aoki, T: On the stability of the linear transformation in Banach spaces. J. Math. Soc. Jpn. 2, 64-66 (1950)
3. Atanassov, KT: Intuitionistic fuzzy sets. Fuzzy Sets Syst. 20, 87-96 (1986)
4. Baak, C, Moslehian, MS: On the stability of J*-homomorphisms. Nonlinear Anal., Theory Methods Appl. 63, 42-48
(2005)
5. Cho, YJ, Saadati, R, Wang, S: Nonlinear L-fuzzy stability of functional equations. Preprint
6. Czerwik, S: Functional Equations and Inequalities in Several Variables. World Scientiﬁc, River Edge (2002)
7. Deschrijver, G, Kerre, EE: On the relationship between some extensions of fuzzy set theory. Fuzzy Sets Syst. 123,
227-235 (2003)
8. George, A, Veeramani, P: On some result in fuzzy metric space. Fuzzy Sets Syst. 64, 395-399 (1994)
9. George, A, Veeramani, P: On some result of analysis for fuzzy metric spaces. Fuzzy Sets Syst. 90, 365-368 (1997)
10. Goguen, J: L-fuzzy sets. J. Math. Anal. Appl. 18, 145-174 (1967)
11. Gordji, ME, Ghaemi, MB, Hajani, H: Generalized Hyers-Ulam-Rassias theorem in Menger probabilistic normed spaces.
Discrete Dyn. Nat. Soc. 2010, Article ID 162371 (2010)
12. Gregory, V, Romaguera, S: Some properties of fuzzy metric spaces. Fuzzy Sets Syst. 115, 485-489 (2000)
13. Gregory, V, Romaguera, S: On completion of fuzzy metric spaces. Fuzzy Sets Syst. 130, 399-404 (2002)
14. Gregory, V, Romaguera, S: Characterizing completable fuzzy metric spaces. Fuzzy Sets Syst. 144, 411-420 (2004)
15. Hadžic´, O, Pap, E: Fixed Point Theory in Probabilistic Metric Spaces. Kluwer Academic, Dordrecht (2001)
16. Hadžic´, O, Pap, E, Budincevic´, M: Countable extension of triangular norms and their applications to the ﬁxed point
theory in probabilistic metric spaces. Kybernetika 38, 363-381 (2002)
17. Hensel, K: Über eine neue Begrüngdung der Theorie der algebraishen Zahlen. Jahresber. Dtsch. Math.-Ver. 6, 83-88
(1897)
18. Hu, C: C-structure of FTS. V: fuzzy metric spaces. J. Fuzzy Math. 3, 711-721 (1995)
19. Hyers, DH: On the stability of the linear functional equation. Proc. Natl. Acad. Sci. USA 27, 222-224 (1941)
20. Hyers, DH, Isac, G, Rassias, TM: Stability of Functional Equations in Several Variables. Birkhäuser, Basel (1998)
21. Jung, S: Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis. Hadronic Press, Palm Harbor
(2001)
22. Lowen, R: Fuzzy Set Theory. Kluwer Academic, Dordrecht (1996)
23. Park, J: Intuitionistic fuzzy metric spaces. Chaos Solitons Fractals 22, 1039-1046 (2004)
Bae et al. Journal of Inequalities and Applications 2012, 2012:193 Page 12 of 12
http://www.journaloﬁnequalitiesandapplications.com/content/2012/1/193
24. Rassias, TM: On the stability of the linear mapping in Banach spaces. Proc. Am. Math. Soc. 72, 297-300 (1978)
25. Rassias, TM: Functional Equations, Inequalities and Applications. Kluwer Academic, Dordrecht (2003)
26. Saadati, R: A note on “Some results on the IF-normed spaces”. Chaos Solitons Fractals 41, 206-213 (2009)
27. Saadati, R, Park, C: Non-Archimedean L-fuzzy normed spaces and stability of functional equations. Comput. Math.
Appl. 60, 2488-2496 (2010)
28. Saadati, R, Park, J: On the intuitionistic fuzzy topological spaces. Chaos Solitons Fractals 27, 331-344 (2006)
29. Saadati, R, Razani, A, Adibi, H: A common ﬁxed point theorem in L-fuzzy metric spaces. Chaos Solitons Fractals 33,
358-363 (2007)
30. Schweizer, B, Sklar, A: Statistical metric spaces. Pac. J. Math. 10, 314-334 (1960)
31. Schweizer, B, Sklar, A: Probabilistic Metric Spaces. North Holand, New York (1983)
32. Shakeri, S, Saadati, R, Park, C: Stability of the quadratic functional equation in non-Archimedean L-fuzzy normed
spaces. Int. J. Nonlinear Anal. Appl. 1, 72-83 (2010)
33. Ulam, SM: Problems in Modern Mathematics. Science Editions, Chapter VI. Wiley, New York (1964)
34. Zadeh, LA: Fuzzy sets. Inf. Control 8, 338-353 (1965)
doi:10.1186/1029-242X-2012-193
Cite this article as: Bae et al.: Stability results in non-Archimedean L-fuzzy normed spaces for a cubic functional
equation. Journal of Inequalities and Applications 2012 2012:193.
